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1 Introduction: The Approximation Problem

In the theory of inner product spaces, a fundamental question is how to approximate
an arbitrary vector f using a linear combination of a fixed set of orthonormal vectors

{e1,€9,...,en}.
Let V' be an inner product space over the field F (where F is R or C). Let S =
{e1,€ea,...,e,} be a finite orthonormal set in V. This means:

1 i=j

0 1#] M)

(€i,€5) = 03 = {

Given an arbitrary vector f € V', we seek to find the "best” approximation P in the
subspace spanned by S:
n
P= Z CkCk
k=1

The "best” approximation is defined as the one that minimizes the error norm || f — P]|.

2 Least Squares Minimization

To minimize the error, we consider the square of the norm of the difference vector:

E=|f=) el
k=1

Theorem 2.1 (Best Approximation Theorem). The error norm ||f — Y ,_, ckex|
1s minimazed if and only if the coefficients ¢ are chosen as the Fourier coefficients of f
with respect to {ex}:

cx = (f,ex)

Proof. Using the properties of the inner product norm ||u|* = (u, u), we expand the error
term:

E = <f—chek,f—chej>
=(f. 1) = (£ e = O anen [) + O crer, Y cie;)

Using linearity in the first argument and conjugate linearity in the second:

n n

E=|fIP=Y_5(fe;) = > cule, /) + DY axtilex, e5)

j=1 k=1 k=1 j=1

Since the set is orthonormal, (e, e;) = d;;, which collapses the double sum:

n n

E=|fIP=)_afie) =Y _alfier) + ) lewl
k=1

k=1 k=1
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Let ¢, = (f,ex) be the Fourier coefficient. We can rewrite the middle terms. Observe
that |, — ¢|? = (cr — ) (Ck — &) = |cx|? — crlr — ExCr + | Ck|?. Rearranging our expression

for E: . .
E=IfI7 =) el + > lew — él? (2)
k=1 k=1

Since norms and absolute values are non-negative, the quantity F is minimized when the
last term is zero.

n
Z‘Ck—ékP:O — ¢ = (g
k=1

Thus, the optimal coefficients are ¢ = (f, ). ]

3 Bessel’s Inequality

Bessel’s Inequality is a direct consequence of the non-negativity of the error vector’s norm.
It provides an upper bound on the sum of the squared moduli of the Fourier coefficients.

3.1 Statement of the Inequality

Theorem 3.1 (Bessel’s Inequality). Let V' be an inner product space and {e1, e, ...}
be an orthonormal sequence (finite or infinite) in V. For any f € V, the sum of the
squared absolute values of its Fourier coefficients is bounded by the squared norm of f:

e < ISP (3)

oo
k=1

3.2 Proof (Finite Case)

Let n be a finite integer. We compute the squared norm of the "error vector” (the
component of f orthogonal to the subspace):

u=f=> (fex)ex
k=1

Since ||u/|* > 0, we have:
n
0<|f- Z(f, ex)ex|”
k=1
From our derivation in the Least Squares section (Eq. 2), with ¢ = ¢:

0 < IAIP =D [fen?
k=1

Rearranging gives the finite version of Bessel’s Inequality:

e <12 (4)
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3.3 Proof (Infinite Case)

If the orthonormal set is infinite {ej,es,...}, consider the partial sums. Let S, =
Sor_i |{f, ex)|®. From the finite case, we know that for any n € N:

Sn < 1P
The sequence of partial sums {S,} is:
1. Monotonically Increasing: Since each term |(f, e;)|? is non-negative.
2. Bounded Above: By || f|>.

By the Monotone Convergence Theorem for sequences of real numbers, the limit as n —
oo exists and respects the bound:

DL en)l® < AP

0o
k=1

4 Geometric Interpretation

In Euclidean geometry (R3), if we project a vector v onto orthogonal axes z,v, z, the
length of the vector is related to its components by the Pythagorean theorem: |v|? =
vZ 4 v + 2.
If we project v onto a subset of axes (say, only z and y), the sum of squares of the
components will be less than or equal to the total length squared:
vl ol <|v[?
Bessel’s Inequality is the infinite-dimensional generalization of this concept.

e The term > |(f,e.)|? represents the ”energy” or ”length” captured by the projec-
tion onto the orthonormal set.

e The term || f||? represents the total "energy” of the function.

e The inequality states that the energy of the projection cannot exceed the total
energy of the original signal.

5 Convergence Implications

Bessel’s Inequality has a profound consequence regarding the convergence of Fourier co-
efficients.

Corollary 5.1 (Riemann-Lebesgue Lemma). If > 1~ |(f,ex)|* converges (which is
guaranteed by Bessel’s inequality), then the n-th term must approach zero as n — oc.

lim (f,e,) =0 (5)

n—o0

This means that for any square-integrable function, the Fourier coefficients must decay
to zero for large n.
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6 Parseval’s Identity and Completeness

While Bessel’s Inequality gives an upper bound (<), Parseval’s Identity asserts equality
(=).

Definition 6.1 (Complete Orthonormal Set). An orthonormal set {ex} in a Hilbert
space H is called complete (or a Basis) if the only vector orthogonal to all ey, is the zero
vector.

Theorem 6.1 (Parseval’s Identity). The equality holds in Bessel’s Inequality:

> If el = 1717 (6)
k=1

if and only if the orthonormal set {ex} is complete.

If the set is not complete, there exists some non-zero vector g orthogonal to all ey.
The projection of g onto the set would be 0, yielding 0 < ||g||?, a strict inequality.

7 Example: Fourier Series

Consider the space L?[—m, 7] with the orthonormal set:
{ 1 cos(nz) sin(nz) }oo
V 2T ’ ﬁ ’ \/7_T n=1

For a function f(z) = x, the Fourier coefficients a,, and b, can be calculated. Bessel’s
inequality guarantees that:

2 e ™
0 2 : 2 2
3 4 CL +b / |$| dx

—Tr

Since the trigonometric system is complete, this actually becomes an equality (Parseval’s),
allowing us to sum infinite numerical series (e.g., finding the sum of 1/n?) by computing
the integral on the right-hand side.



